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The inertia and non-Markovian effects on the short-time dynamics of a diffusion-controlled reaction were studied
using a generalized Fokker—Planck equation with a boundary condition suitable for a collision-induced reaction. The
approximation of half-range Maxwellian velocity distributions was employed to calculate the time-dependent rate constant.
At time zero, the rate constant obtained analytically exhibits a limiting value which is independent of the friction kernels,
and is smaller than that of the Smoluchowski—Collins—Kimball (SCK) theory. At finite times, the rate constant is obtained
numerically, and its initial decay is slower than that of the SCK theory even when only the inertia effect is taken into
account. When a non-Markovian effect is also taken into account, the initial slow decay becomes more pronounced. We
have also found that the theoretical rate constant is sensitive to the boundary condition for the velocity distribution at the
reaction radius. In order to test the results, we carried out a computer simulation of an encounter reaction between a test
particle and hard-sphere reactants in a hard-sphere fluid, and obtained the survival probabilities of the test particle. Our

results agree excellently with the simulation results.

The dynamics of diffusion-controlled reactions in solution
has been interpreted in terms of the Smoluchowski—~Collins—
Kimball (SCK) theory'? based on the diffusion equation. Al-
though the SCK theory works well in nanosecond and longer
time regimes, an extension is necessary for its applications
to subpico- and femtosecond phenomena. In such short-time
regions, the effects of the inertia and non-Markovian fric-
tion play a key role in determining the molecular migrations,
and the simple diffusion equation breaks down due to ne-
glecting the two effects. In a previous paper® we proposed
an extension of the SCK theory on the basis of Adelman’s
generalized diffusion equation® in which the non-Markovian
effect is taken into account. The inertia effect is not treated
by Adelman’s equation; here, we improve the analysis of
the reaction dynamics by taking account of the two effects
simultaneously, starting from a generalized Fokker—Planck
equation*” (GFPE).

Recently, an extension of the SCK theory was derived
by Dong and Andre® starting from another type of gener-
alized diffusion equation in which both the inertia and non-
Markovian effects were taken into account.>” Their theory
clearly indicates the importance of the two effects in the
short-time dynamics of a kind of diffusion-controlled reac-
tions. However, this is inapplicable for collision-induced
reactions. It is nontrivial to overcome this limitation, be-
cause various types of chemical reactions and energy transfer
processes are considered to be induced by collisions. The
dynamics of molecular collisions are determined not only by
the density distribution, but also by the velocity distribution.
Hence, a theoretical model for the dynamics of a collision-

induced reaction should include a boundary condition for
the velocity distribution at the reaction radius in addition to
that for the density.®” A large effect of the velocity distri-
bution on the reaction dynamics is expected, particularly at
times shorter than the decay of the velocity autocorrelation
function. The generalized diffusion equation is concerned
only with the density distribution, and cannot be applied for
a study of collision-induced reactions. GFPE describes the
time evolution of the distribution in phase space; we choose
it as a starting equation for investigating the effect of the
velocity distribution on the reaction dynamics at short times.

One of the purpose of the present paper is to clarify what
type of role is played by the inertia effect, non-Markovian
friction, and the boundary condition for the velocity distri-
bution in determining the short-time dynamics of diffusion-
controlled reactions. To characterize the dynamic nature
of these effects, we have used a simplified model without
static potential effects. We approximately solved GFPE with
a boundary condition suitable for a collision-induced reac-
tion using the method of half-range Maxwellian distributions
originally developed for the ordinary Fokker—Planck equa-
tion (OFPE) by Harris.®”

To test the validity of the present results, we carried out a
molecular dynamics simulation in a hard-sphere fluid. For
the present theory with a simplified model, we think that it
is better to compare the results with a simulation than with
an experiment; from the latter, we cannot distinguish the
shortcomings of the theory from the effects of factors ignored
in the theory. We need a system which strictly corresponds
to the model employed in the theory for a definite test of
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‘the theory; we can make such a system only by a computer
simulation. Once the validity of the theory is confirmed
by simulations, we can regard the theory as a reference to
elucidate effects of complicated factors which determine the
reaction dynamics at short times. For a better understanding
of the effects of the distance-dependent reactivity and the
potential of mean force, for example, a reference system
without these effects is of great importance. Another purpose
of the present work is to provide such a reference system.

In the next section we describe the theory and calculate
the time-dependent rate constant. The results are compared
with other theories in the third section, and tested against a
computer simulation in the fourth section.

Theoretical

Model for Reaction. We investigate the dynamics of an
encounter reaction between two rigid spheres, A and B. The
target molecule A is assumed to be fixed at the origin of the
coordinate, and the reactant molecule B migrates in space.

Before the reaction begins, the distribution of B around
A is spatially uniform with a Maxwell-Boltzmann velocity
distribution,

m 3/2 m?
R, t<0)= — .
f(wv,r >R, 0)=ng <2nkBT) exp YT @))

Here, f(v, r, 1) is the distribution function in velocity v and
position r at time 7, R the reaction radius, ny the number
density, m the mass of a B molecule, kg the Boltzmann
constant, and T the absolute temperature. The distribution
in position (the density) is spherically symmetric because of
the symmetry of the problem.

When B collides with A at r=R after t=0, they react
immediately and B is absorbed by A. This collision-induced
reaction of the perfect absorbing case can be expressed by
the following boundary condition:3”

f(w,>0,R,t>0)=0, 2)

where v, is the radial component of the velocity given by

v=2T 3)
r

Equation 2 means that there are no B molecules rebound
from A. It is emphasized by Harris®® that the boundary
condition for the perfect absorption is not the so-called ab-
sorbing boundary condition, f(v,R,£)=0. We must be careful
concerning the difference. For example, if the density at r=R
is zero, the absorption flux, which expresses the reaction rate,
becomes zero and the reaction cannot occur.

Atan infinite distance, there is another boundary condition
that the distribution function remains unchanged. This is
expressed by

m 3/2 m?
t>0)= e —_.
fv,00,t>0)=ng <2nkBT) exp YT 4)

The rate of reaction can be calculated based on the time
evolution of the distribution function. The flux j.(R, 1) of B
in the direction of the position vector at r=R is given by
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R0 = [0, R D, ®)
and the time-dependent rate constant k(¢) by
k(t)no = —47R%j, (R, 7). 6)

Our model described above can be considered to be ideal
fluorescence quenching. When the quenching occurs by an
electron transfer, the reactivity usually depends on the dis-
tance between the target and the quencher, and the boundary
condition (Eq. 2), is not so suitable. When the quenching
occurs by an energy transfer, on the other hand, the reaction
is considered to be induced by collisions; thus, Eq. 2 is an
appropriate choice for the boundary condition. Our model
is ideal in the following two aspects: (1) the potential ef-
fects are neglected in order to focus attention on the inertia
and non-Markovian effects, and (2) the probability of a re-
action for a collision is unity. We later extend the boundary
condition so as to take into account the effect of a reaction
probability that is less than unity.

Generalized Fokker-Planck Equation. In order to in-
corporate the inertia and non-Markovian effects in the model
described above, we assume that the migration of B is gov-
erned by the generalized Langevin equation for free motion,

t

d—:’% =— /0 B—1wiHdl + %’) @)
where f(¢) is the time-dependent friction kernel and F(¢) the
random force. These two quantities satisfy the fluctuation-
dissipation relation.'®

Adelman® showed that a generalized Fokker—Planck equa-
tion can be derived from Eq. 7 when the random force is a
Gaussian random variable. The Gaussian assumption usu-
ally provides a good approximation.'"'? An outline of the
derivation is described in Appendix. Adelman’s GFPE is
given by

= a kBT 82f(v7rat)
- 5(t)a'[vf(""r7t)] +§(t)—”-l_ —8;2—

2
+iy -1/ 2T 2T ®

ofv,r,t)  Of(v,r,1)
o U or

Here, the symbols have the following definitions:*>

YO =x@0+EDO YO, ©®
£0= A0, (10)
o= LO=HOLO) a
riy = EOSO SO, (12)

The difference between GFPE and OFPE are that the co-
efficients in GFPE depend on time, and that GFPE has an
additional term, i.e., the third term in the right-hand side of
Eq. 8. For the Markovian case, for which the time-dependent
friction kernel is given by B(£)=2 6 (), the coefficients in
GFPE are independent of time, and given by &(f)=f. and
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y(@®)=1. Thus, GFPE reduces to OFPE with the friction
constant given by foo.

For non-Markovian cases, &(¢) and y(¢) largely depend on
time. Figure 1 shows the time dependence of &(¢) and y(z)
for a one-component hard-sphere fluid at the reduced density,
p*=0.9428. The reduced density p* is defined by

" = p0?, (13)

where p is the number density and ¢ the diameter of a hard-
sphere. The coefficients £(¢) and y(¢) are calculated from the
velocity autocorrelation function (vacf) y(¢) obtained from a
molecular dynamics simulation. The details of the simulation
will be described later. The reduced variables used in Fig. 1
are defined by

7 =1tfw (14)
and £()
t

=27 15

t0= 3" (15)

The phenomenological friction coefficient B, is calculated
by the Einstein relation between the phenomenological dif-
fusion coefficient D, and .., given by

oo = r:;i =T [% yoa. 16)

Since GFPE with time-dependent coefficients is not famil-
iar in chemistry, we briefly explain its important properties.
We should first point out that £(0)=0 and y(0)=1 in general,
except for hard-core systems, such as the hard-sphere fluid,
since y(0)=1 and dy(#)/dzis zero at t=0. This exhibits a sharp
contrast to the previous results” based on Adelman’s gener-
alized diffusion equation for which the short-time behavior of
the time-dependent diffusion constant is quite sensitive to the
functional form of B(¢). Such a behavior of Adelman’s gen-
eralized diffusion equation is considered to originate from an
improper disregard of the inertia effect.”

2
p* = 0.9428
r——
™
= y (%)
~ 1
o
o
g(x)
0 I 1 1 |
0 1 2 3 4 5
T
Fig. 1. Time dependence of {(7) and y(7) for a one-com-

ponent hard-sphere fluid at p*=0.9428,
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For a hard-sphere fluid, dy(z)/dz is not zero at =0,'” and
£(0) has a finite value. dy(£)/dr at t=0 is determined by the
collision rate. If we assume that the collision rate is given
by that of the Enskog theory,'® £(0) is given by the Enskog
friction coefficient 8% . At high densities, [, obtained from
amolecular dynamics simulation is much larger than SE ,!>19
and £(0) is smaller than f. For t>>0, the behaviors of &(7)
and y(¢) for a hard-sphere fluid are qualitatively similar to
those in general cases.

As can be seen in Egs. 9 and 10, &£(¢) and y(¢) are functions
of the inverse of y(¢). In a dense fluid, since y(#) has nega-
tive regions, &(¢) and y(¢) diverge when y()=0, and become
negative in some time regions. The physical meaning of
such behaviors of non-Markovian processes was discussed
by Hinggi et al.'” In a hard-sphere fluid at p*=0.9428, ¥(?)
becomes zero at about 7=5.5. The steep rises of £(7) and
y(7) in the right-half of Fig. 1 are due to the singularities.
San Miguel and Sancho” pointed out that, in spite of the
singular behavior of its coefficients, time-dependent and sta-
tionary solutions exist for GFPE. In this paper we restrict
our calculation of the rate constant to time regions before
the first singular point for &(f) and y(¢), since we solve the
equations numerically and our main concern is the short-time
dynamics of the reaction.

£(?) in Eq. 8 corresponds to the friction constant in OFPE.
One may feel strange that £(r) can become singular and
negative. Itis obvious from the definition of Eq. 10, however,
that & () is neither the time-dependent friction kernel nor the
friction constant itself. The value of £(¢) is not restricted to
be positive and definite. We demonstrate how singular points
and negative regions of the coefficients play an important role
in GFPE. From Eq. 8 we can derive an equation for the time
evolution of vacf y(r) by a method similar to the case of

OFPE,

dy@® _
ek Enx®. an

If £(¢) is always positive and definite, y(f) must always be
positive and monotonously decreasing, since y(0)=1 and
x(00)=0. This means that vacf with negative regions is not
allowed when &(¢) is positive and definite; OFPE cannot ex-
plain vacf with negative regions. Since &(f) of GFPE can
become singular and negative, y(f) with negative regions is
allowed in Eq. 17. Moreover, we can easily show that, for
the natural boundary, GFPE with singular coefficients repro-
duces the time evolutions of all the first and second moments
of the velocity and position derived from the generalized
Langevin equation. This clearly indicates the validity of
GFPE.

To clarify the difference between GFPE and OFPE, it is
important to note that GFPE does not reduce to OFPE even
in the long-time limit, except for the Markovian case. In the
long-time limit, the coefficients &(co) of the first two terms
in the right-hand side of Eq. 8 are different from those of
OFPE [, and the third terms which is absent in OFPE is
non-vanishing since y(oo) is not unity. The significance of
this property of GFPE was discussed in detail by Adelman.?
The long-time behaviors of &(7) and y(¢) are closely related
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to that of y(#). As far as the long-time limiting behavior is
concerned, one of the serious limitations of OFPE is that the
equation cannot explain the well-known non-exponential tail
of vacfin a dense fluid.!® Adelman clearly showed that, with
a proper choice of the time-dependent friction kernel S(z),
GFPE can reproduce the long-time tail because &(co0) and
¥(co) can be different from the corresponding coefficients
in OFPE. The importance of the long-time behavior of y(7)
will be discussed again later in relation to the derivation of
the steady-state diffusion equation. It should be noted here,
however, that GFPE and OFPE have the same equilibrium
distribution; the Maxwellian distribution given by Eq. 1 is a
solution of Eq. 8 at any time.

Method of Half-Range Maxwellian Velocity Distribu-
tions. In order to solve GFPE approximately with the
conditions given by Egs. 1, 2, and 4, we employ the method
of half-range Maxwellian velocity distributions developed
by Harris.® Here, we briefly explain the application of his
method to GFPE. In this method, the phase space is divided
into two parts: one for v, >0 and another for v, <0. This
division is suitable to apply the boundary condition, Eq. 2,
to GFPE. The distribution function in each space is approx-
imated by half-range Maxwellian distributions, as follows:

mv2
2k37") . (8)

where i=1 for v, >0 and i=2 for v, <0. Although the non-
equilibrium velocity distribution function is discontinuous at
v=0 in this approximation, GFPE is reduced to a set of simple
equations, which is mathematically more tractable.

With this approximation, the first two moments of v, are
given by

3/2
f,r,0)=fi(v,r,1) =2n;(r,1) <2 ’Z T) exp (—

Mnﬂ=/ﬂmn0®=NUﬁ, (19)

ZkB T

Jr(r,= /v,f(v,r7 fdv= M( ,1), (20)
where N(r.,t) and M(r,t) are defined as
N(r,t) =ni(r,1) + ny(r,1), 21
M(r,t) =ni(r,t) — na(r,1). (22)

Substituting Eq. 18 into Eq. 8 and calculating the first two
moments of v,, we obtain the following equations for N(r, 1),

M(r, 1):
ON(r, 1) _ 2ksgT [ OM(r,1)
at B m [ or
OM(r,t)

0 [2ksT ONGr, 1)
o wm  Or

Equation 23 is the equation of continuity, and Eq. 24 can
be considered as an extension of Fick’s law.® Eliminating
M(r, t) from Eqgs. 23 and 24, we can obtain a generalized
diffusion equation which is non-local in time,

—M( t)] (23)

—EOM(r,n. (29
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3N(r,t) kBT 10} ¢(t ) 8 N(r t ) 2 (9N(r, l’,) 7
ot m / y(t)( +r or )dt’
(25)

where .
o= [ £ 26)

0

From the generalized Langevin equation with a Gaussian
random force, on the other hand, Mazo® rigorously de-
rived a generalized diffusion equation which is local in time
(see Appendix). Therefore, Eq. 25, which is non-local in
time, clearly indicates the approximate nature of the present
method.

We introduce the dimensionless variable defined by
Egs. 14 and 15, and

=rpoo 2k T 27
For a typical case, such as Dy, =1.0x107° m at room
temperature with a molecular weight of 127, the units of 7
and x are 1.0x1071% s and 1.1x10~!! m, respectively. We
thus obtain dimensionless equations as

2—1

ONGx,7) __OM(x,7) 2 “ M@, ), (28)
ot Ox
8Mg§);’ 7 _ » ) fig 8N(x, 7) — E(DM(x, ), (29)

a dimensionless flux J,(x, t) as

Jrr,t) [mm _ M(x,7)

T D= N T ™ o G0
and a dimensionless rate constant x(7) as
0

x(1)= 2k 7= X D), (31)

where the dimensionless reaction radius is given by

m
X=RPoor| =—=-

/5 sT (32)

Extension of Boundary Condition. Here, we reex-
amine the boundary condition so as to incorporate the finite
reactivity. The initial condition can be expressed by

M0 =mx0="7,  NxO=n, Mx0=0, (33)

and the boundary conditions at 7>0 by

(oo, T) = (00, 7) = % N(oo, D) =no,  M(co,7)=0,
34)
and
mX,1)=0, NX,1)=—MX,1). 35)

The last equation is our concern here.

As mentioned earlier, Harris’ boundary condition, Eq. 35,
expresses the situation that the reaction occurs in every col-
lision between A and B. In practice, however, the fraction
of the collisions effective for the reaction is always less than
unity. We should extend the boundary condition so as to take
into account this effect of the finite reactivity. With the help
of Egs. 19 and 20, we can see that Eq. 35 is a kind of the
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radiation boundary condition, which is a linear relationship
between the density and the flux at the reaction radins. We
can extend Harris’ condition in the following way:

pPNX, 1) = —M(X, 1), (36)

where p is reactivity parameter; p=1 for the perfect absorption
and p=0 for perfect reflection. In the present work, we use
the extended boundary condition instead of Eq. 35.

It must be emphasized that the reactivity parameter p is
not equivalent to the transmission coefficient &, which is
defined as the number of the collisions with reaction divided
by the total collision number. The total collision number is
proportional not to N(X, 7), but to n,(X, 7), and n{ (X, T) is pro-
portional to the number of collisions without a reaction.This
results in the following equation:

mX, )= - &)X, 1). 37
Therefore,

NX,D=2—-omX, 1), MX71)=—amX1). (38

Substituting the above equations into Eq. 36, we obtain the
following relation between p and «:

a _2p

“i—a “TTap 59

p
In this paper we use the reactivity parameter p, since we
can show a linear relation between p and the intrinsic rate
constant k™, which is a parameter which appeared in the
SCK theory. The relation will be derived later.

Time Dependence of the Rate Constant. We now

calculate the time-dependent rate constant. We use £(7) and

y(7) for a one-component hard-sphere fluid. The reaction
radius R is assumed to be the same as the diameter of the
hard-sphere 0. We calculate the results at two densities, p*=
0.7856 and 0.9428. At p*=0.7856, vacf can be fitted into a
single exponential function within the simulation uncertainty.
This means that the non-Markovian effect is negligibly small
at this density; we calculate the rate constant using ¢ (7) and
y(7) for the Markovian case in which only the inertia effect
is taken into account. At p* =0.9428, we calculate with
£(7) and y(7) shown in Fig. 1; the non-Markovian effect
cannot be neglected at this density. Thus, we can discuss the

inertia and non-Markovian effects separately by comparing

the results at the two densities.

For the Markovian case, Eqs. 28 and 29 can be solved
analytically at any time. The Laplace transform of the rate
constant is given by

1
2s¢s+1) | 1
1+2p(sn+1)<\/ & )+X>

For p=1, this equation agree with Harris’ result.*'® The
Laplace inversion of Eq. 40 can be carried out numerically.'”

For the non-Markovian case, we numerically solve Egs. 28
and 29 subject to the conditions Egs. 33, 34, and 36 using the

#(s) = %’ 1- (40)
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Lax—Wendoroff explicit method. The numerical solution is
unstable in the first several hundreds steps, but then becomes
stable. As is shown later, however, the limiting value at 7=0
can be obtained analytically, and we can interpolate x(7)
in the unstable region. Here, on the other hand, we should
note the behavior of the solutions for 7>0. Although we
calculate %(T) near to the singular point of £ (7) and y(7) for
p*=0.9428, there are no signs of divergence in (7). This
fact may support the idea that there exist time-dependent
solutions for a GFPE with divergent coefficients.

The time-dependent rate constants thus calculated are
shown in Figs. 2 and 3 for p*=0.7856 and 0.9428, respec-
tively. In Fig. 3, the result for the Markovian case is also
shown for a comparison. We can recognize the following
tendencies from the figures: (1) For the Markovian case,
x(7) is a monotonously decreasing function with time. (2)
When the non-Markovian effect is present in addition to the
inertia effect, the initial decay of #(7) becomes slower. The
reason for the slow decays of the rate constants are discussed
later in relation to the SCK theory.

Limiting Cases. In the short- and long-time limits,
we can analytically calculate the rate constant for the non-
Markovian case. We first examine the short-time limit. For
the Markovian case, the rate constant given by Eq. 40 has a
short-time limiting value,

1.0
\ p* = 0.7856

\ DA (1.0)
/\C SCK (1.0)
' \,__— GFPE (1.0)

7~~~
L os
bV

SCK (0.5)
001111[1111]

0 5 10

Fig. 2. The time-dependent rate constant in a hard-sphere
fluid at p*=0.7856. A solid line indicates the result of the
present work. Broken and dotted lines indicate the results
of the DA and the SCK theories, respectively. Numbers in
the parentheses are the values of the reactivity parameter p.
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1.0
\ p* = 0.9428
\
- \\
N AN DA (1.0)
i \ SCK (1.0)
- GFPE (Mar)

GFPE (n-Mar)

™
- 0.5
-
i DA (0.5)
SCK (0.5)
0.0 I I I S N T N
0 5 10
T
Fig. 3. The time-dependent rate constant in a hard-sphere

fluid at p*=0.9428. Lines and numbers have the same
meanings as in Fig. 2. “Mar” and “n-Mar” indicate the
Markovian and non-Markovian cases, respectively. The
results of this work are calculated for p=1.0.

I
x(0)= Y . A1)

For the non-Markovian case with an arbitrary friction kernel,
y(0)=1 and £ (0)=c in Eq. 29, where c is a constant; ¢=0 in
general, except for hard-sphere fluids for which ¢>0. Thus,
we can obtain the short-time limiting form of Eq. 29 as

OM(x,7) _ _ WON(x,T)
ot 2 Ox

‘We can analytically solve Eqs. 28 and 42 for an arbitrary ¢>0
and calculate the short-time limiting value of the dimension-
less rate constant by the same method as in the Markovian
case. The resultant »(0) is also given by Eq. 41. We show the
reactivity parameter dependence of the initial rate constant
in Fig. 4. %(0) is independent of the time-dependent friction
kernel, and increases non-linearly with an increase in p.

‘We next examine the long-time limit. For the stationary
state in the long-time limit, our equations reduce to the steady
state diffusion equation. From Egs. 9, 10, 11, 12, and 15,
we can see that y(co)=_(c0). When a stationary state is
accomplished in the long time limit, Eq. 29 is written as'

7 ON

which coincides with the equation derived from OFPE. Sub-
stituting Eq. 43 into Eq. 28 and setting the left-hand side of

cM(x, 7). “42)
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1.0 X
" SCK
™ P GFPE
~r0.5 Rl
M .
KCT
0.0 !
0.0 0.5 1.0
p
Fig. 4. Reactivity parameter dependence of dimensionless

rate constant at 7=0.

Eq. 28 as zero, we obtain

_n (’Nx) 20N@)
0_5( x> x ox ) “4)

Using the Einstein relation, Eq. 16, for the diffusion coeffi-
cient Do, Eq. 44 becomes the steady state diffusion equation.
The boundary condition in the long-time limit is obtained
by substituting Eq. 43 into Eq. 36,
T ON(x)

PNX)= =

2 Ox “43)

x=X

This equation has the same form as the CK boundary condi-
tion,
ON(r,1)

2
4R Do ( o

) =EwNwn, @
r=R

where k™ is the intrinsic rate constant at the reaction radius.
Converting the dimension of Eq. 45 into the ordinary one
and comparing it with Eq. 46, we obtain

: [2ksT
K™ = 4nR%py | 225 . 47
RP\ om 47

Therefore, the long-time limiting value of the rate constant of
the present treatment coincides with that of the SCK theory
with k™™ given by Eq. 47.

It should be noted that, in spite of the existence of an
additional term (the third term in the right-hand side of Eq. 8),
which is non-vanishing in the long-time limit, GFPE reduces
to the same equation as OFPE.’*! If the remaining terms
in GFPE were strictly the same as those in OFPE in the
long-time limit, this would be unreasonable. As pointed
out earlier, however, the long-time limiting value of &(¥)
is different from the phenomenological friction coefficient
P-. Therefore, we need an additional term to obtain the
same equation from GFPE as that from OFPE in the long-
time limit. This clearly indicates the importance of the third
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term in the right-hand side of Eq. 8. Although we used
the approximation, Eq. 18, in the derivation of Eq. 44 from
GFPE, we believe that the approximation is not necessary.
Mazo” derived a generalized diffusion equation, which is
reduced to Eq. 44 in the long-time limit from the generalized
Langevin equation, Eq. 7, by the same procedure as the
derivation of GFPE (see Appendix); we can consider that
the long-time limiting form of GFPE can be expressed in the
same form as that of the generalized diffusion equation.

Comparisons with Other Theories

Kinetic Collision Theory. In this section we compare
our results with other theories. We first examine the rela-
tionship between the present theory and the kinetic collision
theory (KCT). In our model, the system is in equilibrium at
t<0. Therefore, the reaction rate at t=0 is determined only
by the equilibrium collision rate and the transmission coef-
ficient . The KCT expression for the initial rate constant
K¥CT(0) is given by*®

KT 0) = 2nR? ay | kT 48)
m

Using the dimensionless variables and the reactivity param-
eter p, this equation is rewritten as

A0 =3 = (49)

p_
1+p
The reactivity parameter dependence of #X¢7(0) is exhib-
ited in Fig. 4. We can recognize from Fig. 4 and Eqgs. 41 and
49 that the short-time limiting value of the rate constant in the
present theory is slightly larger than that in KCT. It should
be noted, however, that Eq. 49 can be derived from the initial
and boundary conditions in the present theory without refer-
ring to KCT. At =0, n,(X, 0) must be ny/2. Combining this
relation with Eqs. 31,38,39, we obtain Eq. 49. This means
that the present theory is consistent with KCT as far as the
rate constant in the short-time limit is concerned. The small
difference between Eqs. 41 and 49 is due to the approxima-
tion employed to solve the equation. We have already shown
that the equation for the time evolution of N(r, t) is non-local
in time because of the approximation. See discussion below
Eq. 25. The derivatives in the parentheses in the right-hand
side of Eq. 25 are singular at =0 and r=R, since N(R, ) sud-
denly decreases at =0 by the reaction. Thus, the effect of the
approximation can appear even in the limit 7—+0. We later
show that the small difference in %(0) is not so important
when we calculate the survival probability of target A.
Smoluchowski—Collins—Kimball Theory. In order
to show the importance of the effects of inertia and non-
Markovian friction, we next compare our result with the SCK
theory’? in which both of the two effects are neglected. In
SCK theory, the simple diffusion equation is solved with
the CK condition (Eq. 46). In Figs. 3 and 4, we depict
the SCK results for two cases: one (p=1.0) coincides with
the present results in the long-time limit; the other (p=0.5)
coincides with Eq. 49 in the short-time limit. The latter
has been recommended by Zhou and Szabo.”® We think that
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a comparison between the present and SCK results for the
same p is more reasonable because the long-time limits of the
two theories are identical and the SCK theory is considered
to be valid at long times.

From the figures, we can see that the decay of the SCK rate
constant is much faster than that of the present result at short
times. This indicates the importance of the inertia and non-
Markovian effects in the short-time dynamics of diffusion-
controlled reactions. In the inertialess limit as in the case of
the SCK theory, the velocity distribution is always in equi-
librium. When the inertia effect is taken into account, since
it takes a finite duration to achieve a steady velocity distri-
bution after the reaction begins, the variation of the reaction
dynamics becomes slower. For this reason, the initial decay
of x#(7) is faster in SCK theory than in the present treatment,
even in the Markovian case. For the Markovian case, the
present and SCK results for the same p are virtually identi-
cal at times longer than 7=4. The velocity autocorrelation
function for the Markovian case is nearly zero at 7=4, and
thus the inertia effect is expected to disappear. When the
non-Markovian effect is taken into account in addition to the
inertia effect, a slow variation in the velocity distribution is
expected to be more pronounced; the decay of vacf is slower
at p*=0.9428 than at p*=0.7856 when we compare them in
the reduced time variable, 7=tf,. Therefore, the decay of
#(7) becomes more slow in the non-Markovian case. The
difference in the rate constants at p*=0.9428 and 0.7856
mentioned previously can be interpreted in this manner.

The effect of the boundary condition on the velocity dis-
tribution can be observed in the short-time limiting value of
the rate constant %(0). In Fig. 4, %(0) in the SCK theory
is compared with the present one. The SCK result is linear
in p, and is always larger than the present one. This can
be explained in the following way: In the present treatment,
the time dependence of the density N(X,7) at the reaction
radius shows a discrete jump at 7=0. The density at r=R
suddenly changes from ng to (1+a)ng/2 at 7=0. On the
other hand, the CK condition (Eq. 46) is expressed in terms
of Fick’s law, and the variation of N(X, ) in the SCK theory
is governed only by the diffusive (inertialess) flux, even at
7=0. There are no discrete jumps in N(X,7) around 7=0, and
N(X,t—+0) is always ny. Therefore, N(X,7—+0) is smaller
in the present treatment than in the SCK theory. Since x(7) is
given by pN(X, 7)/ny in both the present and SCK theory, #(0)
is smaller in the present treatment than in the SCK theory.
This result clearly indicates the importance of the boundary
condition for the velocity distribution in a theoretical model
for a diffusion-controlled reaction.

The SCK result for p=0.5 corresponds to Zhou and
Szabo’s?® (ZS) extension of the SCK theory. They have
pointed out that the SCK theory gives the exact rate constant
at =0 if k™ is given by k*CT(0). For a collision-induced reac-
tion with @=1, the ZS theory shows a better agreement with
the simulation than does the SCK theory for the absorbing
boundary condition. There are the following two differences
between the present treatment and the ZS theory: (1) The
collision rate is assumed to be proportional to N(X,7) in the
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ZS theory, while the collision rate is proportional to 7,(X,7)
in the present treatment. (2) Since the simple diffusion equa-
tion is used in the ZS theory even in the short-time limit, the
7S rate constant decays rapidly at short times. From Figs. 2
and 3, we can see that the ZS rate constant is much smaller
than the present result for 7>0.

Dong-Andre Theory.  Finally, we compare our result
with the Dong—Andre (DA) theory.® In the DA theory, both
the inertia and non-Markovian effects are taken into account
using a generalized diffusion equation with a time-dependent
diffusion constant derived by Mazo.» When the initial veloc-
ity distribution is Maxwellian, the time-dependent diffusion
constant D(?) is given by>® (see Appendix)

p0="Ly = S0 -rOP).  50)
For the delta-function type friction kernel, this equations is
identical to that derived by Morita.” Dong and Andre ap-
proximately solved the generalized diffusion equation with
the CK condition, and obtained two expressions for the time-
dependent rate constant: One is suitable for a short time and
the other for a long time. In intermediate time regions, the
larger of the two rate constants can be used as an approxi-
mation. As in the case of the SCK theory, we depict the DA
results in Figs. 3 and 4 for the two cases, i.e., p=1.0 and 0.5.
So far, we have no idea about how to judge which one is more
suitable for a comparison with the present result. Although
the long-time limiting value for p=0.5 is different from the
present one, the short-time limit coincides to %X¢T(0); the
DA theory is expected to be valid at both short and long
times.

Qualitatively, the DA rate constant shows similar tenden-
cies to those found here: (1) The short-time limiting value
of x%(7) is independent of the time-dependent friction kernel.
(2) The decay of x%(7) is slower than the SCK result even
for the Markovian case. (3) When the non-Markovian effect
is present, the decay of x(7) becomes slower at short times
than that for the Markovian case. These resemblances in the
results of two different approaches support the validity of
each other. On the other hand, the short-time limiting value
of the rate constant of the DA theory is larger than the present
one and the same as that of the SCK theory by assumption®
when we compare the results for the same p. We think that
a further investigation is necessary to reveal the meaning of
the difference between the DA and the present results.

Simulation

Model System. In order to test the validity of the present
theory, we carried out a molecular dynamics simulation in
a hard-sphere fluid. Molecular dynamics simulations for a
diffusion-controlled reaction between hard-spheres in a hard-
sphere fluid have been reported by Dong, Baros, and Andre™
and Zhou and Szabo.?® Their simulations clearly indicate
the shortcomings of the simple Smoluchowski treatment at
short times, and provide an important reference system in
the study of reaction dynamics in solution. For the present
purpose, on the other hand, we need a modification on their
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simulations. In the present theoretical treatment, we simplify
the system by neglecting the potential effect to focus our
attention exclusively on the dynamic effects of the inertia
and the non-Markovian friction. As indicated by Zhou and
Szabo,?® however, the effect of the potential of mean force
(PMF) cannot be neglected in their simulations. ’

The elimination of the effect of PMF from the model sys-
tem is very important for a definite test of the present theory.
The effect of PMF on the dynamic processes of diffusion-
controlled reaction has not been thoroughly understood.””
Therefore, if we compare our results with a simulation which
includes the PMF effect, we cannot distinguish the short-
comings of the present theory from those of theoretical treat-
ments of the PMF effect. For a better understanding of the
PMF effect, we also need a simulation without the PMF ef-
fect as a reference system to separate the contribution of the
PMF effect from those of other effects in determining the
rate constant.

To eliminate the PMF effect we simulated an encounter
reaction between a test particle and a moving hard-sphere.
We assumed that there are no physical interactions between
the test particle and the hard-spheres; since even the hard-
core repulsive interaction was absent, the hard-spheres freely
go through the test particle. The target is fixed in space. The
reactants and the solvents are hard-spheres of the same mass
and diameter. Therefore, the inter-diffusion coefficient be-
tween the target and the reactant is given by the self-diffusion
coefficient of a one-component hard-sphere fluid. We assume
that the target has the same diameter as the reactant, and is
quenched when it overlaps with one of the reactants. This
model system strictly corresponds to the model employed in
the theoretical treatment for p=1

Method. The program for the molecular dynamics simu-
lation is a modification of that given by Allen and Tildesley.?®
There are N=500 identical particles in a cubic cell for which
the periodic boundary condition and the minimum image
convention are applied. Initially, the N particles are put on
the fcc lattice sites, and are given velocity using Gaussian ran-
dom numbers. We carried out simulations at two densities,
i.e., p*=0.7856 and 0.9428. The system was equilibrated for
more than 10° collisions before the run in order to obtain the
survival probability at each density. '

We next explain the simulation for the survival probability.
At an arbitrary time after the system became equilibrated, we
set =0. We randomly chose Np particles from the N moving
particles and labeled them B. We simulated for Ng=50; we
chose the Np value to be as small as possible so as to obtain
measurable time dependencies of the survival probabilities
within reasonable uncertainties, since we needed to eliminate
the effect of the interactions between the B molecules. We
put 500 test particles on the fcc lattice sites in the same MD
cell. We removed test particles which already overlapped
with a B particle at =0 from the system, and started the
MD simulation with the remaining N, test particles. For
typical cases, Na=360 and 330 at p* =(.7856 and 0.9428,
respectively. The positions of the N4 test particles were fixed
during the MD simulation. We checked the overlaps between
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the test and B particles at every MD steps, i.e., at every
collision between any two of the N moving particles. We
recorded the time #; at which the j-th test particle overlapped
with one of the B particles for the first time. The survival
probability S(¢) of a test particle was calculated by

Na
S = NLA > 6@ -0), (51)
Jj=1

where 6(¢) is the Heaviside step function. We averaged the
survival probabilities for 1000 successive runs.

The velocity autocorrelation functions and the mean-
square displacements used to calculate & (7) and y(¢) in GFPE
and D(?) in the DA theory were obtained from runs indepen-
dent of those for the survival probabilities. The long-time
diffusion coefficients D are 1.023- and 0.561-times as large
as the Enskog values at p*=0.7856 and 0.9428, respectively.
The former agrees with the value by Easteal, Woolf, and
Jolly™ (EWI) for 432 particles within the simulation uncer-
tainty (3%). The latter lies between the EWJ values for 128
and 250 particles; EWJ did not make a simulation for 432
particles at p*=0.9428.

Test of Theories. Now we compare the simulation
results with the theoretical ones. The simulation results for
Ng=50 at p*=0.7856 and 0.9428 are shown in Figs. 5 and
6, respectively, with the theoretical results discussed in the
previous sections. In Fig. 6, we omit the SCK predictions in
order to avoid confusion. Theoretical survival probabilities
were calculated from the time-dependent rate constant &(z)
by the following equation:

1.0
p* = 0.7856

SCK (0.5)
DA (0.5)
GFPE (1.0)
SCK (1.0)

~

N\
- AN
DA (1.0) .\

SCK (abs) .
0.8 I N N R | 1
0 5 10
T
Fig. 5. Survival probabilities of a test particle in a hard-

sphere fluid for Ng/N=0.1 at p*=0.7856. Black circles
indicate the average values of the simulation results. The
heights of the error bars are two times as large as the standard
deviations for 1000 runs. Lines and numbers have the same
meanings as in Fig. 2. “abs” indicates the result for the
absorbing boundary condition.
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Fig. 6. Survival probabilities of a test particle in a hard-

sphere fluid for Ng/N=0.1 at p*=0.9428. Symbols, lines,
numbers, and abbreviations have the same meanings as in
Figs. 3 and 5. The results of this work are calculated for
p=1.0.

r
S(@) =exp [—pB / k(t')dt'] , (52)
0
where pg is the concentration of the B particle, given by
N
pB = pﬁ, (53)

and p is the number density of the N moving particles.

At p* =0.7856, for which the non-Markovian effect is
negligible, the present result agrees excellently with the sim-
ulation result. We should note that we used no adjustable
parameters in the comparison between the present theory
and the simulation; even the reactivity parameter was deter-
mined theoretically. Therefore, the validity of the present
theory used to explain the inertia effect is obvious. From
Eq. 52, we can see that the small error in the short-time
limiting value of the rate constant mentioned in the previous
section is not so important for the survival probability.

The SCK result for p=1.0 also reproduces the simulation
results within the simulation uncertainty, although the SCK
prediction slightly smaller than the average of the simulation
result. This supports our opinion that the present and the
SCK results should be compared for the same p value. The
underestimation is due to the unphysically large short-time
limiting value of the SCK rate constant. It should be noted,
however, that the value of p (or £™) which reproduces the
simulation result, cannot be determined within the frame-
work of the SCK theory. We need the help of the present
treatment to explain the p value. The SCK result for p=0.5
cannot reproduce the simulation result in spite of the reason-
able short-time limiting value of the rate constant.

In addition to the theoretical predictions discussed in the
previous sections, we exhibit the prediction of the SCK the-
ory for the absorbing boundary condition (so-called the sim-



552 Bull. Chem. Soc. Jpn., 70, No. 3 (1997)

ple Smoluchowski theory), because the absorbing boundary
condition is usually considered to express the situation that
the reaction occurs whenever A and B collide; this is the
same situation as in the present simulation. It is obvious
from Fig. 5 that the absorbing boundary condition is not
suitable to describe the situation.

At p*=0.9428, the present result for the non-Markovian
case agrees with the simulation, though the prediction is cal-
culated only for 7<5. The agreement between the present
result for the non-Markovian case and the simulation is ob-
viously better than that for the Markovian case, although the
two predictions are similar within the simulation uncertainty;
the decay of S(¢) in the simulation is faster than the theoretical
prediction for the Markovian case. This shows that the non-
Markovian effect is non-negligible in the reaction dynamics
in a dense fluid.

We do not consider the SCK results in Fig. 6 in order to
avoid confusion. For 7<35, the agreement between the SCK
prediction for p=1.0 and the simulation result at p*=0.9428
is better than at p*=0.7856. However, the better agreement
is a result of a cancellation of the large rate constant at =0
and neglecting the non-Markovian effect.

At both of the densities studied, the DA theory cannot
explain the simulation results. Although it is possible to
use p as an adjustable parameter to seek the best-fit curve,
we believe that it is not so meaningful, since there are no
theoretical reasons to use the p values, except for p=1.0 and
0.5.

Summary

In this paper we have clarified the importance of the in-
ertia and non-Markovian effects in determining the time-
dependent rate constant of a diffusion-controlled reaction
at short times, starting from the generalized Fokker—Planck
_equation. From a theoretical investigation we found the fol-
lowing tendencies: (1) The inertia effect slows down the
decay of the rate constant. (2) The non-Markovian effect
makes the decay slower. (3) The theoretical rate constant
depends sensitively on the boundary condition for the veloc-
ity distribution. From the simulation we can conclude the
following: (4) The present theory agrees excellently with the
simulation for both the Markovian and the non-Markovian
cases. (5) Although the SCK theory reasonably reproduces
the simulation results for the Markovian case, we must be
careful about the fact that the SCK theory overestimates the
short-time limiting value of the rate constant. (6) The non-
Markovian effect plays a non-negligible role in determining
the reaction dynamics in dense fluids. We believe that our
simple model describes the essential features of the short-
time dynamics of diffusion-controlled reactions just as the
SCK theory does concerning their long-time behavior.

Appendix: Derivation of Generalized Fokker—Planck
Equation

We explain the outline of the derivation of GFPE (Eq. 8) based
on the generalized Langevin equation (GLE) (Eq. 7) following the
method by Mazo,” in order to clarify the assumptions included
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in the derivation. We explain only the one-dimensional case for
simplicity.

The most important assumption made in the derivation is that
the random force F(z) is a second-order stationary Gaussian random
variable. The other properties of F(¢) are that

(F») =0, (54)

(FO)F(r)) = mksTS5(2), (55)
and

(WO)F(r)) =0. (56)

Equation 7 can be solved for the natural boundary as follows:

W) —vor®)= - / = YFHAL = (), 57)

X0~ %0 = v p()= / W= OFO =30, (58)

where vo=v(0), xo=x(0), and y(¢) and 1(¢) are given by Egs. 12 and
11, respectively. From the above equations, we can see that y; (f) and
v2(f) are Gaussian random variable, since they are linear functions
of a Gaussian random variable F(f). Therefore, the distribution
function P(y) for y=(y1,y2) is given by

1 o
———exp(-y'Q7'y),
n,/|detQ|eX Y

where Q is the covariance matrix. The components of Q are given
by:

P(y) = (59

01 = (V) ~ vx OF) = 11— £, 60)

012 = Qa1 = {[v(®) — vox O1[x(®) — x0 — vop ()])

=BT yon - o, 61
Q2= (1)~ 30— voy (D)= 2 (2 [ v - wz(r)) L (62)

011, Q12, and Oy, are independent of vg and xo. Equations 60, 61,
and 62 can be derived using the fluctuation—dissipation relation,
Eq. 559

‘We have obtained the distribution function P(v, x), then we search
for an equation satisfied by P(v, x). The characteristic function
C(A, w) is the Fourier transform of P(v, x).

C(A,u) = {exp(iAv+iux)). (63)

Since the probability distribution implicit in the angular brackets is
Gaussian in this case, C(4, y) is also Gaussian. Then,

1
C(ﬂ. ,/,t) =exp [l/l V()){+i‘u(X() +Vvp ’l/}) — —2*()» 2Q]] +2/1,uQ12 +‘112Q22):| .

(64)
Differentiating this equation,

. 1 N . ,
L0C _ivog+iuvods — 24200 +20p010 +170m) (65
C Ot 2
and
10C .
o ivoy —AQu —u0n. (66)

Eliminating vo from Egs. 65 and 66, and using Egs. 60, 61, and 62,
we obtain an equation for C(4, u),
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ac oC j(,0C ksT ., ) ( V4 )
et B i R ul 2 1—
a Mo x(/lal+mic+‘ux1/z+ x ] C (67)
‘We can obtain a one-dimensional generalized Fokker—Planck equa-
tion by an inverse Fourier transform of Eq. 67,

oP _OP_ y 0 I keT &P (} )kBTazP
oo oD e (V) s
(68)

Mazo” derived a generalized diffusion equation (GDE) from
GLE by the same procedure as the derivation of GFPE. The distri-
bution function in position N(x, f) can be obtained from the distri-
bution function in phase space by

N(x,t) = / ~ P(v,x,t)dv. (69)

Therefore, the characteristic function for N(x) is given by C(4 =0,
), and

1 9CO,p) _. #
COp o vex =5 0n. (70
Taking inverse Fourier transformation, we obtain GDE,
ON(x,1) _ksT O*N(x,1) ON(x,1)
o  m v -z Ox? v ox 7D

In the long-time limit, this equation reduces to the ordinary diffusion
equation, since y(co)=0 and kgTy(c0)/m=D,. By comparing it
with the ordinary diffusion equation, Eq. 71 has an additional term
which depends on the initial velocity vo. A similar equation was
derived for the Markovian case from OFPE by Morita.2"

‘When the initial velocity distribution is Maxwellian, C(0, u)
should be averaged over the initial velocity; we thus obtain

1 0c0,u)  u’keT

0w o - om ¥ (72)

where ¢(0, 1) is C(0, ) averaged over the initial velocity. We then
obtain GDE for a distribution function n(x, f) with the Maxwellian
initial velocity distribution by an inverse Fourier transformation of
Eq. 72, : !

8Né§x, 3} =) ksT O N()2c, ) .
t m  Ox

This is the starting equation of the DA theory.5

(73)
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